Abstract. Let f : M → M be a uniformly quasiregular self-mapping of a compact, connected, and oriented Riemannian n-manifold M without boundary, n ≥ 2. We show that, for k ∈ {0, . . . , n}, the induced homomorphism f * :
Introduction
A continuous self-map f : M → M of an oriented Riemannian n-manifold M of dimension n ≥ 2 is K-quasiregular for K ≥ 1 if f belongs to the Sobolev space W 1,n loc (M, M ) and satisfies the inequality |Df | n ≤ KJ f a.e. in M,
where |Df | is the operator norm of the differential Df of f and J f the Jacobian determinant det Df . A quasiregular self-map f : M → M is uniformly K-quasiregular if all iterates f k of f for k ≥ 1 are K-quasiregular. By a result of Iwaniec and Martin [15] , uniformly quasiregular mappings preserve a bounded measurable conformal structure, and hence are also termed rational quasiregular maps. We refer to Martin [21] for an extensive survey.
In this article, we show that uniformly quasiregular self-mappings of degree at least two on a closed manifold are uniformly cohomologically expanding.
Here and in what follows, H * (M ; R) denotes the singular cohomology of the manifold M with real coefficients. We say that a manifold is closed if it is compact, connected, oriented, and without boundary. Our main theorem reads as follows. Theorem 1.1. Let f : M → M a uniformly quasiregular map on a closed n-manifold M , n ≥ 2, and let k ∈ {0, . . . , n}. Then the induced map f * : H k (M ; R) → H k (M ; R) is complex diagonalizable and all (complex) eigenvalues of f * have modulus (deg f ) k/n .
[29] and Yomdin [32] for more detailed discussions on the terminology and the conjecture.
To our knowledge inequality (1.1) is not known for uniformly quasiregular mappings. By Theorem 1.1, we have that a uniformly quasiregular mapping f : M → M satisfies s(f * ) = log(deg f ) and, by a result of Gromov [9, p .228], we have an estimate h(f ) ≤ log(deg f ).
Thus, for uniformly quasiregular mappings the inequality (1.1) is equivalent to the equation h(f ) = log(deg f ).
An application: the degree spectrum. As an application of Theorem 1.1, we consider the degree spectrum of uniformly quasiregular mappings on a closed manifold M , that is, the set of all degrees deg f of uniformly quasiregular self-mappings f :
It is a simple corollary of the uniformly quasiregular Stoïlow theorem of Martin and Peltonen that the n-sphere admits uniformly quasiregular mappings of all degrees. In contrast to the case of spheres, in presence of non-trivial cohomology of order k ∈ {1, . . . , n − 1} all positive integers may not appear as degrees of uniformly quasiregular mappings. We have the following corollary of Theorem 1.1. Corollary 1.2. Let f : M → M be a uniformly quasiregular self-mapping of a closed oriented n-manifold M and suppose that, for some 1 ≤ k < n, k dim H k (M ; R) is coprime to n. Then (deg f ) 1/n is an integer. Sketch of proof. Let d = dim H k (M ; R). First, we observe that, by Theorem 1.1, the determinant of f * : H k (M ; R) → H k (M ; R) is ± (deg f ) kd/n . On the other hand, by embedding H k (M ; Z)/ Tor(H k (M ; Z)) into H k (M ; R) as an f * -invariant subgroup, we find a basis of H k (M ; R) for which the matrix of f * has integer coefficients. Thus (deg f ) kd/n = |det f * | is an integer. Since kd and n are coprime, we conclude that (deg f ) 1/n is an integer. A more detailed proof is given in Section 8.
In the special case of products of spheres M = S k 1 × · · · × S kp , Corollary 1.2 yields a sufficient condition for a characterization of the degree spectrum when combined with an existence theorem of Astola, Kangaslampi, and Peltonen [1] ; see also Mayer [23] for the case of Lattés maps on spheres. Corollary 1.3. Let M = S k 1 × · · · × S kp and n = k 1 + · · · + k p . Suppose there exists 0 < k < n for which k dim H k (M ) is coprime to the dimension n. Then there exists a uniformly quasiregular mapping M → M of degree d if and only if d 1/n ∈ Z + . In addition, every admissible degree is realized by a Lattés map.
Here the necessity of the degree condition follows from Corollary 1.2 as discussed above. The sufficiency follows from the aforementioned result of Astola, Kangaslampi, and Peltonen, which in this particular case states that for each λ ∈ Z + there exists a uniformly quasiregular Lattés map f : M → M of degree λ n . We refer to [1] for a detailed discussion.
Outline of the proof of Theorem 1.1. As the first step, we show that a quasiregular self-map f : M → M of a closed manifold induces a homomorphism to the conformal Sobolev-de Rham cohomology H * CE (M ) of M ; here the abbreviation 'CE' stands for conformal exponent. We define H * CE (M ) as the cohomology of the complex W d CE,loc (∧ * M ), where for k = 1, . . . , n − 2, the space W loc (∧ k M ) by either a smaller or larger space of differential forms in order to obtain suitable complex. The precise definition of the complex W d CE,loc (∧ * M ) is given in Section 3. We show that the obtained cohomology H * CE (M ) is a sheaf cohomology which agrees with the singular cohomology H * (M ; R) on closed manifolds. This reduces Theorem 1.1 to a corresponding statement on the homomorphism f * :
. Similar Sobolev-de Rham complexes and cohomologies have been considered by Donaldson and Sullivan [5] and Gol'dshtein and Troyanov [8] ; see also e.g. Bonk-Heinonen [2] for an application of conformally invariant Sobolev spaces.
The reason we consider the cohomology H * CE (M ) instead of the standard de Rham cohomology H * dR (M ) is that that a pull-back of a C ∞ -smooth form under a quasiregular mapping need not be C ∞ -smooth. Thus f does not yield a natural pull-back in the de Rham cohomology. However, the pull-back induced by f induces a linear self-map of the partial Sobolev space
In the case of the complex W d CE,loc (∧ * M ), the pull-back extends to the whole complex by the higher integrability of quasiregular mappings.
After these preliminaries, the proof of Theorem 1.1 consists of the following three steps. First we show that a proper quasiregular mapping induces a push-forward f * :
in the conformal Sobolev chain complex and, a fortiori, a corresponding homomorphism in the cohomology H * CE ; cf. Edmonds [6] . Theorem 1.4. Let f : M → N be a quasiregular mapping between closed manifolds M and N . Then there exists a (natural) linear map f * :
We expect that the existence of the aforementioned push-forward operator for the conformal Sobolev complex is known to the experts. However, we have not found it discussed in the literature; see Heinonen-Kilpeläinen-Martio [11, pp. 263-268] , or [25] , for the push-forward of functions.
The push-forward operator yields the following estimate for cohomology classes in H * CE (M ); here · n/k is the conformally invariant norm
Theorem 1.5. Let f : M → M be a K-quasiregular self-map of a closed oriented n-manifold M , and let c ∈ H k CE (M ). Then there exists C = C(n, K) for which
The subtlety here is that, on the level of the chain complex, f * need not be surjective from the cohomology class c to the cohomology class f * c; this issue is addressed with the push-forward operator f * on the level of forms.
Having Theorem 1.5 at our disposal, we obtain Theorem 1.1 by considering the Jordan decomposition of the matrix of the linear mapping f * :
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Preliminaries
Let (M, ·, · ) be a connected and oriented Riemannian n-manifold for n ≥ 2, and let σ : T M → T * M be the bundle isomorphism associated to the Riemannian metric, that is, σ(v)(w) = w, v for x ∈ M and w, v ∈ T x M . We denote the induced Riemannian metric on exterior bundles
, induced by the inner product ·, · . Let also vol M be the volume form on M determined by the Riemannian metric and compatible with the chosen orientation on M .
For each k ∈ N, we denote ⋆ :
for each α, β ∈ ∧ k T * x M and x ∈ M . 2.1. Sobolev spaces of differential forms. We recall now briefly partial Sobolev spaces W d,p,q (∧ k M ) on M ; see Gol'dstein-Troyanov [7] , IwaniecLutoborski [13] , and Iwaniec-Scott-Stroffolini [18] for more details.
Given k ∈ N, we call a measurable section
is finite. The space L ∞ (∧ k M ) of essentially bounded k-forms is defined, as usual, as those k-forms ω for which
the spaces of smooth k-forms and compactly supported smooth
where d * is the coexterior derivative d * = (−1) nk+1 ⋆d⋆. The weak exterior derivative dω of ω is unique up to a set of measure zero.
We denote · d,p,q the norm
Proof. Let p, q ∈ [1, ∞] and let (ω i ) be a Cauchy-sequence in the space
as i → ∞, where p * and q * are dual exponents of p and q, respectively. Thus
. We refer to [18] for details. Note that the same argument shows that
The Sobolev-Poincaré inequality of Gol'dshtein and Troyanov (see [7, Theorem 1.1 and Appendix A]) for k-forms on M states that for
see Iwaniec-Lutoborski [13, Corollary 4.1] for the corresponding result in the closed Euclidean ball. We also use the fact that the dependence of ζ on ω is linear. It is crucial to note that the inequality is only given for p, q ∈ (1, ∞).
The immediate corollary of this Sobolev-Poincaré inequality is that the image of the exterior derivative d :
is a closed subspace; the same holds also in the case of the closed Euclidean ball.
Corollary 2.2. Let M be a closed n-manifold and suppose that exponents
As such, the sequence
2.2. Quasiregular mappings and Sobolev forms. We recall that a continuous mapping f : M → N between oriented Riemannian n-manifolds is K-quasiregular for K ≥ 1 if f belongs to the local Sobolev space W 1,n loc (M ; N ) of mappings M → N and satisfies the distortion estimate
where Df is the operator norm of the weak differential Df of f , defined by
|Df (x)v| for almost every x ∈ M , and J f is the Jacobian determinant det Df . For the basic properties of quasiregular mappings, see for example Rickman [26] and Iwaniec-Martin [16] .
In the above definition of quasiregular mappings, the local Sobolev space W 1,n loc (M ; N ) is defined using an isometric embedding of the manifold N into a Euclidean space; see e.g. Hajłasz-Iwaniec-Malý-Onninen [10] . In short, we fix a smooth Nash embedding ι : N → R m , and say that a mapping f : M → N is in the local Sobolev space W Since a quasiregular map f : M → N is continuous, for each x ∈ M and eeach ε > 0 there exist (1 + ε)-bilipschitz charts φ : U → R n and ψ : V → R n on manifolds M and N , respectively, for which x ∈ U , f (x) ∈ V , and the composition ψ • f • φ −1 : φU → R n is (1 + ε) 4n K-quasiregular; see e.g. Kangaslampi [ 19, Section 2.3] for more discussion.
For the forthcoming discussion, we also record a standard point-wise estimate for the pull-back of k-forms. Let f : M → N be a K-quasiregular mapping between n-manifolds and, for 0 < k ≤ n, let ω be a measurable k-form on N . Then the pull-back f * ω is a well-defined measurable form, since quasiregular maps satisfy Lusin's condition (N); see e.g. Rickman [26, I.4.14] . Moreover, there exists C = C(n, k, K) for which
Due to the importance of this estimate to our results, we sketch its proof for the reader's convenience. Since quasiregular mappings are differentiable almost everywhere, the pull-back at a point x is given for almost every
The point-wise norm |·| on k-covectors is easily shown to be an operator norm, and the composition property of operator norms gives (2.3) yields the upper half of estimate (2.4).
For the lower half, let l(T ) be the minimal dilatation of the linear operator T between normed spaces, that is, l(T ) = inf{ T (v) : v = 1}. By quasiregularity of f , the differential Df of f is invertible almost everywhere in M , and hence
The previously used estimates yield
The lower half of estimate (2.4) is now due to the estimate
Recall that a mapping f : X → Y between spaces X and Y is proper if the pre-image f −1 E of every compact set E ⊂ Y is compact. The (global) degree deg f of a proper mapping f : M → N between connected and oriented nmanifolds M and N is the unique integer satisfying f * c N = (deg f )c M , where c M ∈ H n c (M ; Z) and c N ∈ H n c (N ; Z) are the positive generators of the compactly supported nth Alexander-Spanier cohomology of M and N , respectively. Note that deg f = x∈f −1 {y} i(x, f ) for all y ∈ N , where i(x, f ) is the local index of f at x. We recall also that, for proper non-constant quasiregular mappings, the degree is always positive.
By the change of variables, (2.4) immediately yields the following integral estimate in the case of proper non-constant quasiregular mappings. Lemma 2.3. Let 0 < k ≤ n and let f : M → N be a proper non-constant K-quasiregular mapping between oriented n-manifolds M and N . Then there is a constant C = C(n, k, K) for which
Conformal cohomology
In this section, we discuss the conformal Sobolev cohomology theory we use in the proof of Theorem 1.1.
3.1.
Flat and sharp L p . Let M be a Riemannian n-manifold, n ∈ Z + , and
We also define local variants L
While the flat and sharp L p -spaces are vector spaces, they have no obvious norms. See, however, e.g. the grand L p -spaces of IwaniecSbordone [17] which are normed subspaces of L p,♭ -spaces.
Our interest is primarily in the spaces L
loc (∧ 0 M ), since they are preserved by quasiregular mappings. We recall the following consequence of the higher integrability of quasiregular mappings.
Lemma 3.1. Let M and N be oriented Riemannian n-manifolds and let f : M → N be a proper non-constant quasiregular map. Then, for every p ∈ (1, ∞), there exist s 0 ∈ (1, ∞) and s n ∈ (1, ∞) for which the following condition holds: For every x ∈ M , there exist neighborhoods U ⊂ M of x and V = f U ⊂ N of f (x) for which the maps f * :
As an immediate consequence, we obtain that the pull-back preserves the local sharp and flat spaces L 
Proof of Lemma 3.1. By Martio [22] , there exists r > 1 for which J f ∈ L r loc (M ); see also Meyers-Elcrat [24] . In addition to this, there exists ε > 0 for which J −ε f ∈ L 1 loc (M ); see e.g. Hencl-Koskela-Zhong [12] for a far reaching discussion.
Let p ∈ (1, ∞) and let U be a normal neighborhood of f at x, that is, a precompact neighborhood U of x for which ∂f U = f (∂U ). Then f | U : U → f U is proper; see e.g. Väisälä [30, Lemma 5.1] . We set V = f U .
Let ω ∈ L p (∧ n V ) and let q = (r + p − 1) /r > 1. Then, by Hölder's inequality and the change of variables,
is well-defined and continuous. Next, let ω be a 0-form of V , and let
The continuity of f * :
3.2. Conformal Sobolev spaces. The weak Sobolev space of conformal exponents
The corresponding Sobolev norm · d,p,q is denoted by · d,CE ; in the case k = n, we take the norm
is a chain complex. We have a similar complex for W d CE,loc . The W d CE,loc -complex is discussed by Donaldson and Sullivan in [5] , and the W d CE -complex alongside its cohomology spaces by Gol'dshtein and Troyanov in [8] . Gol'dshtein and Troyanov show that on closed manifolds, the k:th cohomology of the W d CE -complex agrees with k:th real singular cohomology for k ∈ {2, . . . , n − 1}. They also provide a counterexample that, for k = 1, the cohomologies are not necessarily isomorphic. For this reason, we
Heuristically, we flatten the L ∞ -space of 0-forms and sharpen the L 1 -space of n-forms. 
.
On a closed manifold M , the W d CE -complex yields the same cohomology H * CE (M ). Using the local complex has, however, the advantage that it simplifies the sheaf-theoretic proof that H * CE coincides with real singular cohomology.
For 0 < k < n, Corollary 2.2 shows that the spaces
is an intersection of complete spaces. We record this observation as a lemma. Lemma 3.3. Let M be a closed Riemannian n-manifold and let 0 < k < n. 
and f * is a chain map between the W d CE,loccomplexes, we have that f * ω ∈ W d CE,loc (∧ k M ) and df * ω = f * dω. Thus, by Corollary 3.2, we have f * ω ∈ W d CE,loc (∧ k M ). It remains to consider the case k = 0. In this case, ω is a Sobolev function and the weak differential is the weak gradient. Hence, by for example [11, Theorem 14.28.] , f * ω = ω • f ∈ W 1,n loc (M ) and df * ω = f * dω. Now, by Corollary 3.2, we obtain that f * ω ∈ W d CE,loc (∧ 0 M ).
Equivalence of cohomologies
In this section we show that the Sobolev-de Rham cohomology H * CE (M ) of an oriented Riemannian manifold M is naturally isomorphic to the real singular cohomology H * (M ; R) of M .
Having this isomorphism of cohomology theories at our disposal, we may identify the linear maps f * : H * (N ; R) → H * (M ; R) and f * :
, and reduce the proof of Theorem 1.1 to the corresponding question on the eigenvalues of f * : H * CE (M ) → H * CE (M ). The proof of Theorem 4.1 consists of two parts. The isomorphism of cohomology theories is a variant of the sheaf theoretic proof of the de Rham theorem given e.g. in Warner [31, Chapter 5] . The naturality of the induced homomorphism is also standard and we complement the exposition in Warner by Bredon [3] .
We restrict our discussion to the particular case of sheaves having real vector spaces as stalks, and refer to [3] and [31, Chapter 5] for more detailed, and general, expositions on the sheaf theory.
Notation and terminology.
4.1.1. Presheaves P * ·,CE and sheaves S * ·,CE . Let M be an oriented Riemannian n-manifold. The presheaves P * M,CE are defined by
, where i * U,V is the pullback map induced by the inclusion map i U,V : U ֒→ V . Recall that, more generally, a presheaf P on M is a contravariant functor from the category of open subsets of M and inclusion maps to the category of vector spaces, that is, P assigns to an open set U ⊂ M a vector space P (U ), and to every inclusion i : U ֒→ V of open sets in M a linear restriction homomorphism P (V ) → P (U ).
Let S * M,CE be the sheaf of germs of W d CE,loc (∧ * M ). Recall that, a sheaf S over M is a pair (S, π) where S is a topological space, the projection map π : S → M is a local homeomorphism, for every x ∈ M the stalk S x = π −1 {x} over x is a real vector space, and the maps
The stalk S * M,CE x at x ∈ M of the sheaf S * M,CE is the vector space of germs at x. The topology of S * M,CE is generated by the sets 
Proof. Let k ∈ N and let U ⊂ M be an open set. For injectivity, let ω ∈ W d CE,loc (∧ k U ) and assume that (ϕ k ) U (ω) = 0. Hence, [ω] x = [0] x at every x ∈ U , and consequently, there exists an open cover V of U for which ω| V = 0 almost everywhere for every V ∈ V. Since V has a countable subcover, ω = 0 almost everywhere on U .
For surjectivity, let s ∈ Γ(S k M,CE , U ) be a section. By continuity of s, for every x ∈ U there is an open neighborhood U x and a form ω
for every z ∈ U x ∩ U y , as previously we have ω x = ω y almost everywhere on U x ∩ U y . Select a locally finite smooth partition of unity {φ i : i ∈ N} subordinate to the cover {U x : x ∈ U }, and for every i ∈ N select ω i = ω x for which spt φ i ⊂ U x . Now, the form ω =
, since it has the correct local integrability and the weak differential dω = ∞ i=0 φ i dω i . Furthermore, we have (ϕ k ) U (ω) = s, which concludes the proof. Hence, the resulting sheaf would not be complete, and all of the maps (ϕ k ) U would no longer necessarily be isomorphisms.
Cohomomorphisms associated to the proper quasiregular mappings.
Let f : M → N be a proper and non-constant quasiregular mapping between oriented Riemannian n-manifolds M and N . Then for every k ∈ N, the pullback of forms f * induces a cohomomorphism P k N,CE → P k M,CE of presheaves, that is, a collection of linear maps
for all open U ⊂ V ⊂ N , where i U,V and i f −1 U,f −1 V are the inclusion maps U ֒→ V and f −1 U ֒→ f −1 V , respectively. This cohomorphism descends to a cohomomorphism S k N,CE → S k M,CE of the associated sheaves of germs as a collection of linear maps
for which the linear map
is well-defined for each open set U ⊂ N .
4.2.
Fine resolution of the constant sheaf. In order to define fine resolutions of sheaves, we recall first the definition of a sheaf homomorphism. A sheaf homomorphism ϕ : S → S ′ between sheaves (S, π) and (S ′ , π ′ ) over the same space M is a continuous map ϕ : S → S ′ for which π ′ • ϕ = π and for every x ∈ M the map ϕ|S x is a module homomorphism. If P and P ′ are presheaves over M , a presheaf homomorphism φ is a natural transformation from P to P ′ , that is a collection
of linear maps, which commute with the restriction homomorphisms. A resolution S * of a sheaf A is an exact sequence
of sheaves. A sheaf S over the space M is fine if every locally finite open cover {U i : i ∈ I} of M has a subordinate partition of unity, that is, a collection {λ i : S → S : i ∈ I, spt λ i ⊂ U i } of sheaf homomorphisms satisfying i∈I λ i = id S . A resolution S * of a sheaf A is fine if each of the sheaves S i , i ∈ N in the resolution is fine.
The resolution we consider is a resolution S * M,CE of the constant sheaf R M = R × M , where R has discrete topology and R M the product topology, on M . Note that, R M is the sheaf of germs of the presheaf P M for which
The identification of the reals with the constant functions on M yields a natural inclusion presheaf homomorphism i : P M → P 0 M,CE , which descends to a sheaf homomorphism R M → S 0 M,CE , which we also denote i. Similarly, the weak exterior derivative d descends to a sheaf homomorphism S * M,CE → S * M,CE also denoted d. Proposition 4.4. The sequence Lemma 4.5 (Poincaré lemma for W d,p,q ). Let n ≥ 2 and let p, q ∈ (1, ∞) be constants for which
Let U be a domain in R n , k ∈ {1, . . . , n}, and let ω ∈ L q (∧ k U ) be a weakly closed form. Then, for each y ∈ U , there exists a neighborhood V ⊂ U of y and a form
an open ball containing y, and let η i denote a sequence of standard mollifiers. We may approximate ω in B with smooth forms ω i = η i * ω. Now, dω i = η i * dω = 0 for each i.
Since the forms ω i are smooth and closed, the ordinary Poincaré lemma from de Rham theory yields forms τ i ∈ C ∞ (∧ k−1 B) satisfying dτ i = ω i . Now, by the Sobolev inequality (2.2), we may assume that (τ i ) is a Cauchy sequence in W d,p,q (∧ k−1 B). This proves the claim by the completeness of
Proof of Proposition 4.4. Let k ∈ N, let U = {U i } be a locally finite open cover of M , and let {φ i } be a smooth partition of unity subordinate to U . Define the presheaf endomorphisms λ i : 
is locally a boundary. For the remaining case k = 0, let x ∈ M , U a neighborhood of x, and
, there is a neighborhood V ⊂ U of x for which u| V ∈ W 1,n (V ). By [11, Lemma 1.16] , the restriction u| V is constant. Thus, a locally closed 0-form in W d CE,loc (∧ 0 U ) is locally constant. This implies the exactness of (4.2) at S 0 M,CE . 4.3. Sheaf cohomology and the proof of Theorem 4.1. Let M be an oriented Riemannian manifold and R M the constant sheaf on M . The sheaf cohomology H * (M ; R M ) is the cohomology of the induced chain complex For the second part of the proof of Theorem 4.1, we recall some terminology related to cohomomorphisms.
Let f : M → N be a continuous map, and let R M and R N denote the constant sheaves induced by R on M and N respectively. The map f induces a f -cohomomorphism id f : R N → R M where every stalk-wise linear map
commutes. In this case, the associated chain maps
We are now ready to recall the proof of the de Rham theorem in this context.
Proof of Theorem 4.1. For every k ∈ N, let ϕ k be the natural presheaf ho-
commutes. The upper complex in diagram (4.4) yields cohomologies H * CE (M ) and the lower complex cohomologies H * CE (M ; R M ). Due to Lemma 4.2, for every k ∈ N, the presheaf homomorphism ϕ k is a presheaf isomorphism. Consequently, the chain map (ϕ * ) M induces an isomorphism H * CE (M ) → H * CE (M ; R M ). The singular cohomology spaces H * (M ; R) are also canonically isomorphic to a sheaf cohomology theory given by a fine resolution of the constant sheaf R. Since all such cohomology theories are naturally isomorphic (see Warner [31, .23]), we conclude that there exists a canonical isomorphism H * CE (M ) → H * (M ; R). This completes the first part of the proof. Now, let f : M → N be a proper and non-constant quasiregular map between oriented n-manifolds M and N . As discussed in Section 4.1.2, f induces pull-back f -cohomomorphisms f * : P * N,CE → P * M,CE which commute with the weak differentials. Furthermore, by the Lusin property of f , if
is a constant function of the same value. Hence the f -cohomomorphisms k * f : S * N,CE → S * M,CE of sheaves induced by the pullback f * form an fcohomomorphism of resolutions extending id f . Now the induced homomorphism Γ(k * f ) induces maps f * R : H * (N ; R N ) → H * (M ; R M ) in cohomology. Since both f * and Γ(k * f ) commute with the natural isomorphisms P * M,CE → Γ(S * M,CE ) and P * N,CE → Γ(S * N,CE ), the induced map f * R in sheaf cohomology corresponds to the standard pull-back f * : H * CE (N ) → H * CE (M ). By [3, Section II.8.1] and a similar construction in singular cohomology, the diagram (4.1) commutes. This completes the proof.
Quasiregular push-forward
In this section we discuss the push-forward operator f * on measurable differential forms induced by a quasiregular map f : M → N between closed manifolds. We refer to Heinonen-Kilpeläinen-Martio [11, pp. 263-268] for the case of 0-forms, i.e. measurable functions.
For the definition of f * , let f : M → N be a non-constant quasiregular mapping between closed manifolds. The branch set B f ⊂ M of f is the set where f fails to be a local homeomorphism. The set B f is closed, and both B f and f B f have measure zero; see e.g. [26, Proposition I.4.14]. Since f is proper, also the image f B f of the branch set is a closed set.
For each y ∈ N \ f B f , the pre-image f −1 (y) is a discrete set of deg f points. Furthermore, there exists a radius r y > 0 with the property that, for each 0 < r < r y , the metric ball B N (y, r) of radius r centered at y is contained in N \ f B f and has the property that the pre-image f −1 B N (y, r) has exactly deg f connected components U y,r,1 , . . . , U y,r,deg f . We also note that, since each restriction f | U y,r,i : U y,r,i → B N (y, r) is a covering map, we conclude that restrictions f | U y,r,i : U y,r,i → V y are homeomorphisms, and hence quasiconformal. 
Remark 5.2. To verify that the form f * ω is measurable, it suffices to observe that, since the set V f has full measure, the form f * ω is almost everywhere defined by a pull-back (f
for the measurablility of (f −1 i ) * ω it suffices to observe that, up to a set of measure zero, the form ω is Borel-measurable and the measurability of ω is equivalent to the measurability of the functions ω I in a local representation where I = (i 1 , . . . , i k ) . Therefore the measurability of (f (i 1 , . . . , i k ) . We omit a more detailed discussion.
The main result of this section is the following theorem. 
As an immediate corollary we obtain that f * is a chain map. Furthermore, we obtain that, in cohomology, f * is a left-inverse of the pull-back f * up to the multiplication by the degree of f . 
is a chain map, and induces a linear map f * :
for each [ω] ∈ H * CE (M ). We prove Theorem 5.3 in a series of lemmas. The push-forward map f * is clearly linear. We begin by collecting some of the basic properties of f * to the following lemma.
Lemma 5.5. Let f : M → N be a non-constant quasiregular map between closed n-manifolds, and let k, l ∈ {0, . . . , n} satisfying k + l ≤ n. Then
(1) for all measurable forms α :
Proof. For (1), since V f is of full measure, it suffices to observe that
Property (2) is a corollary of (1). Indeed, for the constant function
Finally, (3) follows by using the quasiconformal change of variables formula on the quasiconformal maps f
As the next step towards the proof of Theorem 5.3, we show that the push-forward commutes with the (weak) exterior derivative. Towards this goal we state an auxiliary lemma.
We are now ready to prove that the push-forward f * commutes with the (weak) exterior derivative.
Lemma 5.7. Let f : M → N be a non-constant quasiregular map between closed n-manifolds, and let ω ∈ W d CE (∧ k M ) for some k ∈ {0, . . . , n − 1}. Then the measurable k-form f * ω has a weak derivative satisfying df * ω = f * dω.
Furthermore, by Lemma 5.6,
Thus f * dω is the weak differential df * ω of f * ω.
We continue with an L p -estimate for the push-forward in the conformal exponent. In the following lemma, the space
Lemma 5.8. Let f : M → N be a non-constant K-quasiregular map between closed manifolds, and let ω ∈ L n/k (∧ k M ) for some k ∈ {0, . . . , n}. Then f * ω ∈ L n/k (∧ k N ), and there exists a constant C = C(n, k, K) ≥ 0 for which
Proof. The case k = 0 follows trivially from the definition and the Lusin property of f , and we may assume that k ∈ {1, . . . , n}.
Recall that the maps f 
for p ≥ 1 and non-negative a 1 , . . . , a l , we obtain
This concludes the proof.
Finally, we show that the push-forward operator preserves the sharp and flat spaces L 1,♯ (∧ n M ) and L ∞,♭ (∧ 0 M ). We formulate property this as follows.
Lemma 5.9. Let f : M → N be a non-constant quasiregular map between closed n-manifolds. Then the push-forward operator f * on measurable forms maps
Proof. Let ε > 0 and r > 1 be such that J r f and
Theorem 5.3 follows now immediately from Lemmas 5.7, 5.8, and 5.9.
Norm in conformal cohomology
In this chapter, we define norms in the conformal cohomology spaces H * CE (M ) of a closed manifold M . We use a standard quotient norm construction; see e.g. Iwaniec-Scott-Stroffolini [18, Section 7.1] and Bonk-Heinonen [2, Section 3]. Furthermore, we obtain a norm estimate for the pull-back map f * : H * CE (N ) → H * CE (M ) induced by a quasiregular map f : M → N between closed manifolds. This estimate is a key part in the proof of Theorem 1.1.
Let M be a closed Riemannian manifold, k ∈ {1, . . . , n − 1}, and let
is a closed affine subspace in a uniformly convex Banach space L n/k (∧ k M ), there exists a unique k-form ω ∈ c for which c n/k = ω n/k . Now, by a straightforward verification, · n/k is a norm.
Our goal is to derive a version of Lemma 2.3 in the cohomology norm for the pull-back f * : H * CE (N ) → H * CE (M ). Deriving the upper bound is easy, but the lower bound requires a density estimate for the affine subspace
The estimate is provided by the push-forward operator.
Theorem 6.1. Let f : M → N be a non-constant K-quasiregular map between closed n-manifolds, and let 0 < k < n. Then there is a constant C = C(n, k, K) ≥ 1 for which
for all c ∈ H k CE (N ). Remark 6.2. Note that for k ∈ {0, n}, the spaces H k CE (N ) are one dimensional and the mappings f * : Proof of Theorem 6.1. Let c ∈ H k CE (N ) and let ω ∈ c be the k-form satisfying ω n/k = c n/k . By Lemma 2.3, we have
where the constant C ′ = C k n ≥ 1 depends only on n, k, and K. To prove the other inequality, let τ ∈ f * c be the k-form satisfying τ n/k = f * c n/k . Then, by Corollary 5.4,
has a left inverse, it is injective, and therefore f * ([τ ]/(deg f )) = c. On the other hand, by Lemmas 2.3 and 5.8, we have
where C ′′ = C ′′ (n, k, K) ≥ 1 and C ′ is as above. Hence
Eigenvalues and diagonalizability
In this chapter, we prove Theorem 1.1. Recall that a linear map L : V → W between real vector spaces extends to a complex linear map L :
We consider V and W as real subspaces of V ⊗C and W ⊗C for which we have V +iV = V ⊗C and
Let k ∈ {1, . . . , n − 1}, and let f and M be as in Theorem 1.1. We show first that each complex eigenvalue λ of f * :
Note that if λ is a real eigenvalue of f * , |λ| = (deg f ) k n follows easily from Lemma 6.1 by letting c ∈ H k CE (M ) be a corresponding eigenvector class and considering the iterated functions f m for m ∈ Z + . The general case of λ ∈ C is handled by considering a suitable sequence (f m i ) of iterates of f for which the imaginary part Im λ m i of λ m i is small compared to |λ| m i . This sequence essentially reduces the problem to the case of real eigenvalues. Theorem 7.1. Let f : M → M be a non-constant uniformly K-quasiregular map on a closed n-manifold M , k ∈ {1, . . . , n − 1}, and let λ be a complex eigenvalue of f * :
Proof. Let a + ib ∈ H k CE (M ) ⊗ C be a complex eigenvector corresponding to the eigenvalue λ, that is, f * (a + ib) = λ(a + ib). Since i(a + ib) = −b + ia is another eigenvector corresponding to the eigenvalue λ, we may assume that a n/k = 0.
Let l ∈ Z + , and let ε > 0 satisfy ε b n/k < a n/k /2 and √ 1 − ε 2 > 3/4. Then there exists m ∈ Z + satisfying m ≥ l and |Im λ m | < ε |λ| m . Indeed, either there exists j ∈ Z + for which λ j ∈ R, and we may take m = jl, or the set (λ/ |λ|) j : j ∈ Z + , j ≥ l is dense in the unit circle S 1 ⊂ C. Note that consequently |Re λ m | > √ 1 − ε 2 |λ| m > (3/4) |λ| m . Since λ is an eigenvalue of f * , λ m is an eigenvalue of (f m ) * , and a + ib is an eigenvector of (f m ) * satisfying (f m ) * (a + ib) = λ m (a + ib). Thus the real part of the eigenvalue equation yields By uniform K-quasiregularity of f and Theorem 6.1, there exists C = C(n, k, K) for which
We conclude that |λ| ≥ (deg f ) k/n . Analogously, by Theorem 6.1 Thus |λ| ≤ (deg f ) k/n , which concludes the proof.
We prove the complex diagonalizability of f * : Let u, v ∈ H k CE (M ) for which λ −1 e 1 = u + iv. We may assume u = 0, since we may replace {e 1 , e 2 } by {ze 1 , ze 2 } for any z ∈ C \ {0} if necessary.
Let l ∈ Z + , and let ε > 0 satisfy
As in the proof of Theorem 7.1, there exists m ∈ Z + satisfying m ≥ l and |Im λ m | < ε |λ| m .
Then |Re λ m | > 1 − ε 2 |λ| m .
For j = 1, 2, let a j , b j ∈ H k CE (M ) be real and imaginary parts of e j , that is, cohomology classes satisfying e j = a j + ib j . Then where C = C(n, k, K). Since u = 0 and the inequality holds for all l ∈ Z + , this is a contradiction. Hence the Jordan normal form of f * : H k CE (M ) → H k CE (M ) has no non-diagonal blocks. This completes the proof of Theorem 1.1.
